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Part I

A 2-category for the 2D σ-model



The gerbe for the monophase world-sheet

Lagrangean description of the (critical) string – the simplest scenario

X :

(Σ, γ)

↪→

(M, g,G), curv(G) =: H ∈ Z 3(M)

governed by the action functional (dX =
loc.
∂aXµ dσa ⊗ ∂µ)

Sσ[X ; γ] = −1
2

∫
Σ

g(dX∧, ?γ dX )− i log HolG(X )

HolG(X ) is the SURFACE HOLONOMY

of GERBE G, locally given by

H|Oi =: dBi

(Bj − Bi )|Oi∩Oj =: dAij

(Ajk − Aik + Aij )|Oi∩Oj∩Ok =: i d log gijk

(gjkl · g−1
ikl · gijl · g−1

ijk )|Oi∩Oj∩Ok∩Ol = 1

mod


Bi 7→ Bi + dΠi

Aij 7→ Aij + (Πj − Πi )|Oi∩Oj − i d logχij

gijk 7→ gijk · (χ−1
jk · χik · χ−1

ij )|Oi∩Oj∩Ok
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Pour qu’on n’en ait pas (que) la gerbe. . .

La gerbe, Henri Matisse (1953)



The string background for the multiphase world-sheet

Natural generalisation (e.g., strings on orbifolds and T-folds):
Σ with embedded DEFECT Γ

σ-model requires STRING BACKGROUND B = (M,B,J )

ϕn : ⊗n
k=1π

k,k+1 ∗
n Φε

k,k+1
n

∼=
==⇒ J0

�� �O
�O
�O
�O
�O

Φ : ι∗1G
∼=−→ ι∗2G ⊗ Iω

�� �O
�O
�O
�O
�O

G, g

��
�O
�O
�O
�O
�O

Tn

π
1,2
n

��
π

2,3
n

$$

π
n−1,n
n

::

π
n,1
n

DDQ

ι1

''

ι2

77 M

INTER-BI-BRANE BI-BRANE TARGET

Example: D-brane ≡ boundary bi-brane for M = M t {•},
ι1 : Q = D ↪→M , ι2 : D → {•} , Φ∂ : G|D

∼=−→ Iω=Bi +dAi
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The string background for the multiphase world-sheet – ctd.

Upshot: cohomological classification scheme for σ-models

FIELD THEORY CFTα Dαβ Jα1α2...αn

GEOMETRY TARGET BI-BRANE INTER-BI-BRANE
M = (M, g,G) B = (Q, ω, ι1, ι2,Φ) I =

(
Tn, ϕn,

(
ε

k,k+1
n , π

k,k+1
n

)
|n ∈ N>0

)

2-CATEGORY object 1-morphism 2-morphism

BGrb(M t Q t T ) G Φ : ι∗1G
∼−→ ι∗2G ? I(ω) ϕn : ◦n

k=1 π
k,k+1∗
n Φε

k,k+1
n

∼
==⇒ id

classification W 2(M,H) is W 1(M,G1 → G2) is W 0(M,Φ1 ⇒ Φ2) is
H2(M,U(1)

)
-torsor H1(M,U(1)

)
-torsor U(1)|π0(M)|-torsor



Part II

Dualities via world-sheet defects



The canonical interpretation of defects – lines

Categorial quantisation & more geometric analyses suggest

(some) DEFECTS ∼ STRING DUALITIES

This can be rendered rigorous in the 2-categorial setting. . .

Thm.: B canonically defines PREQUANTUM BUNDLE

Lσ → Pσ , curv(Lσ) = Ωσ

Def.: DUALITY ≡ Ω−σ -lagrangean submanifold

Dσ ⊂ Pσ × Pσ , pr∗1Hσ = pr∗2Hσ

together with a bundle isomorphism

pr∗1Lσ|Dσ

∼=−→ pr∗2Lσ|Dσ

Thm.: B canonically defines a duality iff
ι̃α : LQ → LM : X 7→ ια ◦ X are surjective submersions
(Γ,X ) topological
extra conditions (technical)
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The canonical interpretation of defects – junctions

Defect junctions naturally associated with interactions

Further hints from categorial quantisation & study of maximally
symmetric WZW defects.

Thm.: (B,J ) can. define a Ω+−
σ -isotropic INTERACTION SUBSPACE

Iσ(~B : J : B) ⊂ Pσ × Pσ × Pσ

together with a bundle isomorphism(
pr∗1Lσ ⊗ pr∗2Lσ

)
|Iσ(~B:J :B)

∼=−→ pr∗3Lσ|Iσ(~B:J :B)

Example: 2-iso’s for maxym G-WZW defects ∼
spaces of conformal blocks on punctured and decorated CP1 via
CSk(G) on R× CP1

{Pk}k∈1,n
with parallel Wilson lines of fixed holonomy
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Symmetries as distinguished dualities

Converse result for a class of dualities with local data

Φσ : pr∗1Lσ|Dσ

∼=−→ pr∗2Lσ|Dσ ,

i log Φσ i[(X1,p1), (X2,p2)] =

∫
S1

Vol(S1) p2µ Fµ(X1) + Wi[(X1,X2)]

Thm.: Φσ can. defines a flat bi-brane with
world-volume Q = (idM × F )(M) ⊂ M ×M, with F ∈ Isom(M, g);
bi-brane maps ια = prα, α ∈ {1,2};

bi-brane 1-isomorphism Φ : G
∼=−→ F ∗G

These are INTERNAL SYMMETRIES of the closed string.
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Part III

Generalised geometry with a 2-categorial twist



Brackets on the state space and on the target space

Observation: GENERALISED GEOMETRY natural in the symplectic
setting (P,Ω), via HAMILTONIAN SECTIONS:

Xh = Xh ⊕ h ∈ ker dΩ ⊂ Γ(E(1,0)P) , E(1,0)P := ∧1TP⊕ ∧0T∗P→ P
and Ω-TWISTED VINOGRADOV BRACKET:[

Xh1 , Xh2

]Ω
V := [ Xh1 , Xh2 ]⊕ (Xh1y dh2 −Xh2y dh1 + Xh1y Xh2y Ω) ≡ X{ h1 , h2 }Ω

Idea: Given the manifold structure on the space of σ-model fields, we
can look for bracket structures on E(1,•)(M tQ t T )→ M tQ t T
closing on σ-SYMMETRIC SECTIONS, with a homomorphic lift to

CANONICAL
VINOGRADOV STRUCTURE

VΩPσ :=
(
E(1,0)Pσ, [ · , · ]ΩσV , αTPσ

)
Hint: The answer is known for Pσ,∅: Courant algebroid CHM on
E(1,1)M with Courant bracket twisted by H à la Ševera–Weinstein,
Hitchin-isomorphic with CGM
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Brackets on the state space and on the target space – ctd.

Thm.: In the presence of defects, the answer given by (∆Q := ι∗2 − ι∗1)

M(1,0),(H,ω;∆Q)(M tQ) :=
(
E(1,1)M t E(1,0)Q, [[ · , · ]](H,ω;∆Q), (·, ·)y , αT(MtQ)

)
with TWISTED BRACKET on Vi = (MVi ,

QVi) = (MVi ⊕ υi ,
QVi ⊕ ξi)

[[ V1 , V2 ]](H,ω;∆Q )|M = [ MV1 ,
MV2 ]⊕

(
−L MV1

υ2 − −L MV2
υ1 − 1

2 d(MV1y υ2 −
MV2y υ1) + MV1y MV2y H

)
,

[[ V1 , V2 ]](H,ω;∆Q )|Q = [ QV1 ,
QV2 ]⊕

(QV1y dξ2 −
QV2y dξ1 + QV1y QV2yω + 1

2
(QV1y ∆Qυ2 −

QV2y ∆Qυ1
))
,

( V1 , V2 )y = 1
2 (MV1y υ2 + MV2y υ1)

Observation: Study of automorphisms and Hitchin-type iso’s

M(1,0),(H,ω;∆Q)
ια (M tQ) ∼= M

(1,0),(0,0;∆Q)
(G,B),ια

(M tQ)

indicate that generalised geometry is a natural generalisation of the
geometry of TM in the presence of BGrb∇(M tQ t T )

In keeping with the above,

Thm.: B can. induces a morphism in the category of twisted Courant
algebroids on E(1,1)Q.
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Gaugeability constraints for σ-model symmetries

Internal symmetries of Sσ ≡ σ-SYMMETRIC ια-ALIGNED SECTIONS

Ka = (MKa,
QKa) = (MKa ⊕ κa,

QKa ⊕ ka) ,

a ∈ 1, dim kσ,ια


ια ∗

QKa = MKa|ια(Q)

dH
MKa = 0

dωQKa + ∆Qκa = 0

The corresponding hamiltonian sections

K̃a = eprT∗LσMθT∗LσM B L̃Ka , L̃ : Για
(
E(1,1)M t E(1,0)Q

)
→ Γ

(
E(1,0)Pσ

)
,

written in terms of the canonical 1-form θT∗LσM ∈ Ω1(T∗LσM), obey[
K̃a , K̃b

]Ωσ

V
= ˜[[ Ka , Kb ]](H,ω;∆Q)

The realisation of kσ,ια on the state space becomes hamiltonian iff

[[ Ka , Kb ]](H,ω;∆Q) = f c
ab Kc



Gaugeability constraints for σ-model symmetries

Internal symmetries of Sσ ≡ σ-SYMMETRIC ια-ALIGNED SECTIONS

Ka = (MKa,
QKa) = (MKa ⊕ κa,

QKa ⊕ ka) ,

a ∈ 1, dim kσ,ια


ια ∗

QKa = MKa|ια(Q)

dH
MKa = 0

dωQKa + ∆Qκa = 0

The corresponding hamiltonian sections

K̃a = eprT∗LσMθT∗LσM B L̃Ka , L̃ : Για
(
E(1,1)M t E(1,0)Q

)
→ Γ

(
E(1,0)Pσ

)
,

written in terms of the canonical 1-form θT∗LσM ∈ Ω1(T∗LσM), obey[
K̃a , K̃b

]Ωσ

V
= ˜[[ Ka , Kb ]](H,ω;∆Q)

The realisation of kσ,ια on the state space becomes hamiltonian iff

[[ Ka , Kb ]](H,ω;∆Q) = f c
ab Kc



Gaugeability constraints for σ-model symmetries – ctd.

Conclusion: Necessary conditions of gaugeability of kσ,ια :(
⊕a∈1,dim kσ,ια

R Ka, [[ · , · ]](H,ω;∆Q)
) ∼= kσ,ια ∧ ( Ka , Kb )y = 0

N.B. The ‘isotropy’ condition nullifies the anomaly of the Poisson
algebra of the Noether currents.

Equivalently, the gaugeability relations ensure the existence of a
kσ,ια-equivariantly closed extension Ĥ of H, and a kσ,ια-equivariant
extension ω̂ of ω in the Cartan model of kσ,ια-equivariant cohomology
of M tQ, s.t.

d̂Ĥ = 0 , d̂ω̂ = −∆QĤ

for d̂η(X ) = dη(X ) + X a Kay η(X ), X ∈ kσ,ια .
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Part IV

The gauged σ-model



Motivation for & problems with gauging

I Motivation:

I.1 string theory on cosets (via gauging & symplectic reduction);

I.2 T-duality etc.

II Problems:

II.1 lifting the geometric action of the isometry (sub-)group to
BGrb∇(M tQ t T );

II.2 coupling (non-trivial) world-sheet gauge fields to
BGrb∇(M tQ t T ).



Equivariant structures

Simplicial descent schemes: in the absence of defects,

· · ·
Gd (4)

i // //////// G3 ×M

Gd (3)
i //////// G2 ×M

Gd (2)
i ////// G×M

Gd (1)
i //

// M
(

M$G //___ M/G
)

δGγ = 1 γ Υ G G
associativity distributiveness element-wise

,

where
Υ : Gd (1) ∗

1 G
∼=−→ d (1) ∗

0 G ⊗ Iρ , γ :
(Gd (2) ∗

0 Υ⊗ id
)
◦ Gd (2) ∗

2 Υ
∼=

==⇒ Gd (2) ∗
1 Υ

Observation: Gaugeability fixes ρ = θa
L ∧ κa + 1

2 θ
a
L ∧ θ

b
L (MKayκb)

‘Problem’:

Thm.: BGrb∇(M)G,ρ=0 ∼= BGrb∇(M/G)

However, κa 6≡ 0 generically.
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Equivariant structures – ctd.

Similarly, in the presence of defects,

· · ·
Gd (3)

i // ////// G2 ×Q
Gd (2)

i ////// G×Q
Gd (1)

i //
// Q
(

Q$G //___ Q/G
)

c.c.(Ξ, γ) Ξ Φ Φ

,

where

Ξ :
(
ι∗2Υ⊗ id

)
◦ Qd (1) ∗

1 Φ
∼=

==⇒
(

Qd (1) ∗
0 Φ⊗ Jλ

)
◦ ι∗1Υ

Observation: Gaugeability fixes λ = θa
L ka

‘Problem’:

Thm.:


Equivalence classes

of (G, 0)-equivariant bi-branes
with world-volume Q

for (G, 0)-equivariant gerbes over M

 1:1←−−→


Equivalence classes

of bi-branes
with world-volume Q/G

for gerbes over M/G

 .

However, ka 6≡ 0 generically.
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The coupling of the world-sheet gauge field

Observation: Gauging G prerequires replacing X ∈ C1(Σ,M tQ)
with X ∈ Γ

(
P ×G (M tQ)

)
for

principal G-bundle G ↪→ P → Σ , with principal G-connection A ∈ Ω1(P)⊗ g

The study of the conditions of invariance (for P trivial) of

Sσ,top[(Γ,X)] 7→ Sσ,top[(Γ,X)] +

∫
Σ

(X × idΣ)∗ζA +

∫
Γ

(
(X × idΓ)|Γ

)∗
µA ,

ζA(σ,m) = −αa(m) ∧ Aa(σ) + 1
2 βab(m) Aa ∧ Ab(σ) , µA(σ,m) = γa(m) Aa(σ)

leads to the definitions
GA := pr∗2G ⊗ IρA , ρA(p,m) := −κa(m) ∧ Aa(p) + 1

2 (MKayκb)(m)Aa ∧ Ab(p) ,

ΦA := pr∗2 Φ⊗ JλA , λA(p,m) := ka(m)Aa(p)

Thm.: GA carries a canonical structure of a (G,0)-equivariant gerbe
on P ×M, and ΦA carries a canonical structure of a (G,0)-equivariant
GA-bi-brane on P|Γ ×Q.
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The coupling of the world-sheet gauge field – ctd.

Corollary: (GA,ΦA) descend to unique (equivalence classes of)
(GA,ΦA) over P ×G (M tQ), and so can be used to define the
G-GAUGED σ-MODEL

Sσ[(Γ,X );A, γ] = Sσ,kin[X ;A, γ]− i log HolGA,ΦA(Γ,X ) ,

with Sσ,kin[X ;A, γ] obtained through minimal coupling.

Recall that the gauge group GΣ is the set Γ(P ×Ad G G) with the group
operation induced from

[(p,g1)] · [(p,g2)] := [(p,g1 · g2)]

and with the action on P induced by
(P ×Ad G G)× P → P :

(
[(τi (σ, g), h)], τi (σ, g)

)
7→ τi (σ, h · g) =: [(τi (σ, g), h)] B τi (σ, g) .

as per
λ· : Γ(P ×Ad G G)× P → P :

(
χi , τi (σ, g)

)
7→ χi (σ) B τi (σ, g) =: λ(χi )

(
τi (σ, g)

)
.
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The coupling of the world-sheet gauge field – ctd.

We have the fundamental

Thm.: Sσ[(Γ,X );A, γ] is invariant under G-gauge transformations(
(χi),X

)
7→
(
(λ(χi ) ◦ pr1)× pr2

)
◦ X , A 7→ λ∗

(χ−1
i )
A .

Proof: uses the G-equivariance of A and the form of ρA and λA.



Part V

Outlook



Outlook

understanding T-duality, with particular emphasis on geometric
structures behind the metric, the torsion and the dilaton;

construction of spaces modelled on toroidal bundles only locally;

including supersymmetry in the generalised geometric framework
with a 2-categorial twist;

study of the effective gerbe-twisted gauge field theory and the
emergent geometry of bi-branes in the gerbe-theoretic context;

gerbe theory vs criticality (generalised Ricci flows?);

‘holographic principle’ for higher categorial structures;

. . .
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